We propose a phenomenological model that describes counterflow and drag experiments with quantum Hall bilayers in a ν T = 1 state. We consider the system consisting of statistically distributed areas with local total filling factors ν T 1 > 1 and ν T 2 < 1. The excess or deficit of electrons in a given area results in an appearance of vortex excitations. The vortices in quantum Hall bilayers are charged. They are responsible for a decay of the exciton supercurrent, and, at the same time, contribute to the conductivity directly. The experimental temperature dependence of the counterflow and drive resistivities is described under accounting viscous forces applied to vortices that are the exponentially increase functions of the inverse temperature. The presence of defect areas where the interlayer phase coherence is destroyed completely can result in an essential negative longitudinal drag resistivity as well as in a counterflow Hall resistivity.
Introduction
Theoretical prediction on superfluidity of bound electron-hole pairs in electron-hole bilayers [1] [2] [3] [4] and, especially, in quantum Hall bilayers [5] [6] [7] [8] [9] [10] [11] [12] [13] has stimulated experimental study of the counterflow transport in such systems. In these experiments [14] [15] [16] [17] [18] [19] electrical current is passed through one layer in a given direction and returned to the source through the other layer in the opposite direction. The counterflow currents in the adjacent layers can be provided by excitons that consist of an electron belonging to one layer and a hole belonging to the other layer. One can expect that at low temperature the gas of such excitons becomes superfluid and the counterflow current may flow without dissipation.
In the counterflow experiments [14] [15] [16] [17] [18] [19] bilayer quantum Hall systems with the total filling factor ν T = 1 are used. At such a filling the number of electrons in one layer coincides with the number of empty quantum states (holes) in the lowest Landau level in the other layer. At rather small interlayer distances [20] the ground state of such a system is the BCS-like state with electron-hole pairing. The pairing is caused by the Coulomb attraction. The BCSlike state can also be considered as a superfluid state of interlayer excitons.
In spite of expectation to reach at low temperature zero electrical resistance, counterflow experiments in quantum Hall bilayers give some other results. At all temperatures a finite longitudinal resistance is registered. It decreases exponentially under lowering of temperature, but it does CF xx is even higher than the longitudinal resistivity measured in the parallel current geometry ρ xx (in which the electrical currents in the adjacent layers are equal in value and flow in the same direction).
The excitons cannot give a contribution into the conductivity in the parallel current geometry. Therefore, the parallel current conductivity σ xx should be much smaller than the counterflow conductivity σ CF xx . The relation between the longitudinal resistivities is another one. At zero or small Hall conductivity the longitudinal resistivity is in inverse proportion with the longitudinal conductivity. But for the conductivity tensor with a large Hall component the longitudinal resistivity is in direct proportion with the longitudinal conductivity. The first case is realized for the counterflow geometry and ρ CF xx ≈ 1/σ CF xx . The parallel current geometry corresponds to the second situation and ρ xx ≈ σ xx /(σ xy )
2 . Exciton superfluidity can be imperfect due to phase slips caused by motion of vortices across the flow. In that case the counterflow resistivity is nonzero and, in principle, it can be larger than the parallel current resistivity. The smallness of ρ xx can be accounted, for instance, for a small density of carriers that contribute into σ xx .
The specifics of the exciton superfluidity in bilayer quantum Hall systems is that the vortices carry electrical charges. Such vortices not only bring to a decay of superflow, but also give a direct contribution into conductivity. As was argued in [21] , due to such a two-fold role of vortices, the counterflow and parallel current longitudinal resistivities coincide with each other (in the absence of other essential factors that may contribute to the conduc-tivity).
The role of vortices in transport behavior of quantum Hall bilayers was considered in Ref. [22] . The consideration [22] is based on the coherence network model [23] . In this model superfluid excitons flow in a network formed by narrow links, and the dissipation is caused by vortices that cross these links. In [22] the drag geometry experiments are analyzed. In this geometry [15] [16] [17] [18] and ρ CF xx demonstrate thermally activated behavior. The activation energy depends asymmetrically on the imbalance of electron densities of the layers [16, 17] . As was shown in [22] this behavior can be described under assumption that vortex mobilities are thermally activated quantities and their activation energies are different for different specie of vortices. The vortex configurations in strongly disordered quantum Hall bilayers were studied in [24] . It was shown that disorder should be rather strong to provide vortex proliferation.
The ideas of [21] [22] [23] [24] are important for the understanding of transport properties of quantum Hall bilayers. Nevertheless, the question requires further study because a number of essential features should be explained. First of all, in all experiments the drag resistivity ρ drag xx is negative and the counterflow resistivity ρ CF xx is larger than the parallel current resistivity ρ xx . Actually, it is one of key points because in case of perfect exciton superfluidity ρ drag xx should be positive and equal to ρ drive xx . Then, the origin of the counterflow Hall resistivity remains unclear. Also, the absolute value of ρ CF xx observed experimentally is quite large and one can think about additional factors (beside vortices) that increase ρ CF xx .
In this paper we present a model in which transport features of quantum Hall bilayers are accounted for a special influence of imperfectness. We assume that due to imperfectness the local total filling factor deviates from unity and in some area ν T < 1, while in other areas ν T > 1. In the areas of the first (second) type positive-charged (negative-charged) vortices emerge. Besides, we imply that in some defect areas the interlayer phase coherence is destroyed completely. Using the effective medium approach [25] [26] [27] we compute the effective longitudinal and Hall resistivities for the counterflow, parallel current and drag geometries. The results are in good agreement with the experiment. 
Vortices in exciton superfluids in quantum Hall bilayers
There are four species of vortices in the system considered [8] . Below they are notated by the index κ = 1, 2, 3, 4. The wave functions |κ for the states with a single vortex can be presented as
Here c + m,i is the operator of creation for an electron in the layer i in the state with definite angular momentum m:
2 ), where θ is the polar angle counted according to the right-hand rule with respect to the magnetic field direction, and ℓ = c/eB is the magnetic length. The u and v coefficients are u = √ ν and v = √ 1 − ν, where ν = ν 1 is the filling factor for the layer 1, and 1 − ν = ν 2 is the filling factor for the layer 2,
2 n e,i , and n e,i is the electron density in the layer i.
Each vortex is characterized by distinct values of its vorticity and electrical charge. The vortex charge q κ can be found from the corresponding wave function (1). One can see from (1) that the charge of a given vortex is fractional and is concentrated in a certain layer. We notate this layer by i κ .
The vortex is a state with a clockwise circular electrical current in one layer and a counterclockwise current in the other layer. We use the convention that the vortex has the positive vorticity α κ = +1 if the electrical current associated with the vortex is a counterclockwise in the layer 1 and clockwise in the layer 2. The vortex parameters for each specie are given in Table 1 .
The vortices nucleate in pairs. The components of the pair have the opposite vorticities. In the absence of electron deficit or excess the vortices in the pair have the opposite electrical charges, as well. The Coulomb attraction results in an increase of the binding energy of the pair. Therefore, free vortices at ν T = 1 emerge at temperatures higher than the Berezinskii-Kosterlits-Thouless (BKT) transition temperature 1 Deviation of the total filling factor from unity forces the appearance of charge excitations that are transformed into vortex pairs. In a given pair each vortex has the fractional charge, but the sum of the charges is integer. In areas with electron deficit an equal number of vortices κ = 1 and 2 is nucleated, and equal number of vortices κ = 3 and 4 emerge in areas with electron excess. In a given area the vortices have the same sign of charge and due to Coulomb repulsion the size of a bound vortex pair can be quite large.
The energy of the pair is
where ρ s is the superfluid stiffness, r is the distance between the vortices, and a is the vortex core radius. The energy (2) is minimum at the distance
−1/2 (where n v is the concentration for one specie of vortices) yields the ratio of the vortex pair size to the average distance between the vortices. One can expect that at γ > 1 a plasma of free vortices of opposite vorticities instead of a gas of vortex pairs emerges. Using the mean field value of ρ s [8] one finds that the condition γ = 1 corresponds to the critical vortex density n v,c ≈ 0.05n 0 , where n 0 = 1/2πℓ
2 is the electron density of a completely filled Landau level. The critical density n v,c is proportional to ρ 2 s . It is known that the mean-field approximation overestimates the superfluid stiffness ρ s : it does not take into account quantum and thermal excitations, and the interaction with impurities that reduce the superfluid stiffness (see, for instance, [28] [29] [30] ). Therefore, the actual critical density can be considerable smaller.
The resistivity caused by vortex motion
Let us consider the forces that act on a vortex. The vortices are electrically charged and the electric and magnetic components of the Lorentz force are applied to them:
where E i is the electrical fields in the layer i and v κ is the vortex velocity.
Vortices carry the vorticity and in system with nonzero net current the Magnus force F M emerges. This force can be obtained from the derivative of the electrical current energy with respect to the vortex position (see, for instance, [31] ):
Hereẑ is the unit vector directed along the magnetic field, and ∇ϕ is the gradient of the phase of the order parameter taken far from the vortex center. The net currents in the layers read as j s1 = −j s2 = eρ s ∇ϕ/ . The Magnus force does not depend on the vortex velocity, because in the case considered this force is proportional to the difference of the net currents j s1 −j s2 . This difference is the same in the lab reference frame and the reference frame connected with a moving vortex. We should also take into account the viscous force
In the stationary state the resultant force applied to the vortex is equal to zero
Eq. (3) is fulfilled for each specie κ with nonzero density. The motion of vortices across the flow results in a decay of the phase gradient. The rate of decay is ∂(∇ϕ)/∂t = κ 2πn κ α κ v κ ×ẑ, where n κ is the density of vortices of specie κ. Antiparallel electrical fields applied to the layers may compensate this decay. They increase the phase gradient at the rate ∂(∇ϕ)/∂t = (e/ )(E 1 − E 2 ). In the stationary state the following condition should be satisfied
Having the vortex density one solves Eqs. (3) and (4) and finds the contribution of excitons and direct contribution of vortices into conductivity. To compute the conductivity tensor one should also take into account the bare conductivity of Landau level.
In the BCS-like state each electron is distributed between two one-particle states with the same guiding center index and distinct layer indices. The system responds on the resultant electrical force F E = −N e (ν 1 eE 1 + ν 2 eE 2 ) (N e is the total number of electrons) in the same manner as a completely filled Landau level responds on electrical field. In the latter case the electron gas moves as a whole with the drift velocity v 0 = cE × B/B 2 . In case of the bilayer system the expression for the drift velocity contains the effective field E ef f = ν 1 E 1 + ν 2 E 2 . The velocity v 0 can be also found from the condition that the electrical and magnetic components of the Lorentz force applied to the whole system compensate each other, as it takes place for a completely filled Landau level with negligible small relaxation
The motion of an electron gas with the velocity v 0 yields the contribution into the electrical currents δj i = −en 0 ν i v 0 . Thus, the electrical currents in the layer read as
where σ 0 = e 2 /2π Tuning the magnetic field one can always fulfill the condition ν T = 1 in average. But due to structural defects the local ν T can be larger than unity in some areas and smaller than unity in other areas. For simplicity, we consider the system with two statistically distributed areas of equal fraction with local ν T 1 > 1 and ν T 2 < 1 ((ν T 1 + ν T 2 )/2 = 1). In these areas the vortex densities for certain κ are nonzero: n 1 = n 2 = n v in ν T < 1 areas, and
We start from the analysis of transport properties of balanced bilayers (ν 1 = ν 2 ). In this case the electrical charges of the vortices are equal in modulus. It is reasonable to assume that the viscosity coefficients are the same for all species of vortices (η 1 = η 2 = η 3 = η 4 = η).
Solving Eqs. (3) and (4) and substituting the solition into Eq. (6) we obtain
In (7) the upper(lower) sign corresponds to ν T > 1 (ν T < 1) areas. Here we introduce the notation β = π n 0 , j ± = j 1 ± j 2 and E ± = E 1 ± E 2 . The system considered is a two-component isotropic conducting medium. Each component is characterized by the parameters σ The exact expressions for the effective conductivities can be obtained by the method developed in [25, 26] . In case of equal fractions of the components the effective quantities read as
Here σ s(a)n stands for σ Using Eqs. (7) and (8), we obtain
The effective parallel current and counterflow resistivities are obtained from (9) , (10) by the operation of inversion of the conductivity tensor. We take into account that n v /n 0 is the small parameter. In the leading order in n v /n 0 the resistivities equal to
The negative sign of ρ drag xx means that the induced drag voltage is opposite to the voltage drop in the drive layer. Note that our model predicts rather small ρ drag xx -it is quadratic in the small parameter n v /n 0 .
One can see that for large viscosity η ≫ β the resistivities ρ xx ≈ ρ Let us now consider the case of imbalanced bilayers. In imbalanced systems the vortex charges differ not only in sign but in absolute value. The viscosity is caused by the interaction of vortices with the pinning centers, so one can assume that the corresponding activation energy depends on the vortex charge. According to Table 1 , we introduce two viscocity parameters η a = η 1 = η 4 and η b = η 2 = η 3 . For simplicity, we restrict the analysis to the case of large viscosities η a , η b ≫ β. In this case one can neglect the difference of σ ik in ν T > 1 and ν T < 1 areas. Then, the relations between the currents and the fields are found to be
The inverse relations in linear in n v /n 0 order are
It follows from (13) that
Here ρ n,αβ notifies the resistivity in n-th layer.
One can see that the longitudinal resistivities of different layers are determined by different viscosities. Therefore, the resistivities may demonstrate different temperature dependences. It was observed experimentally that the activation energy for the longitudinal resistivities is higher in the layer with larger electron concentration. It corresponds to the grows of ∆ κ under increase of the vortex charge q κ .
In addition, we note that in the leading order the Hall resistivities (15) are not sensitive to the imbalance as it was seen in experiments.
Possible origin of longitudinal drag resistivity
We have shown that due to specific relation between the vortex charge and the filling factor ν the resistivities ρ 1,xx and ρ CF 1,xx are very close to each other. They almost cancelled each other in the expression for the longitudinal drag resistivity, and the latter quantity (see Eq. (11)) is very small, in difference with experimental data that show considerable negative resistivity.
It is important to note that in case of perfect exciton superfluidity the longitudinal drag resistivity should be positive and equal to the drive resistivity. Indeed, any normal conductivity channel contributes into σ xx , so the resistivity ρ xx should be nonzero. In the counterflow geometry the normal channel is shunted by superfluid excitons and cannot result in nonzero ρ In this section we will show that the negative drag can be accounted for the presence of defect areas, where the interlayer phase coherence is suppressed completely. For simplicity, we consider the case of balanced bilayers.
On a qualitative level the impact of defect areas can be understood as follows. In these areas the counterflow and parallel current conductivities are equal each other and coincide (at least, approximately) with the conductivities of a single layer with the filling factor ν = 1/2. The longitudinal conductivity of a single layer σ single xx is much smaller than the counterflow conductivity determined by the exciton channel, and in the counterflow geometry the defect areas work as a sort of an exclude volume. Thus, the effective conductivity σ CF xx decreases and the effective resistivity ρ CF xx increases. On the other hand, if the conductivity σ single xx is of the same order as the conductivity determined by the direct contribution of charged vortices the defect areas have only a small impact on the resistivity ρ xx .
To describe the influence of defect areas quantitatively we use the approach developed in [26] . According to [26] , in general case of unequal fractions of the components the effective longitudinal and Hall conductivities of a twocomponent systems are given by the expressions
where
p is the fraction of the component 1, and
Eq. (17) was obtained by mapping of the system with nonzero σ xy to the system with zero Hall conductivity. The function f [p, x] approximates the effective conductivity σ of an isotropic two-dimensional two-component system with zero Hall conductivity:
where σ i is the longitudinal conductivity of the i-th component, and p is the fraction of the component 1. The explicit expression (19) was obtained in the random resistor network approach [27] . The three-component system can be reduced to the twocomponent one in the following way. The defect areas are considered as the component 1. The rest areas with imperfect exciton superfluidity are considered as the component 2 with the conductivity equal to the effective conductivity of the system considered in the previous section.
Expressing the conductivities in σ 0 units, we have The model contains two conductivity parameters α 1 , α 2 (normally, α 2 α 1 ≪ 1) and the parameter p (the defect area fraction). The resistivity tensor is obtained by inversion of the effective conductivity tensor. The effective resistivities depend on p. Typical dependences are shown in Fig. 1 .
One can see that the longitudinal drag resistivity is nonzero (and negative). Other feature seen from Fig. 1 are the essential increase of the longitudinal and the appearance of Hall resistivity in the counterflow channel. The Hall drag resistivity is equal approximately to σ −1 0 (that correspond to the experiment) if p less and not to close to 1/2.
Conclusion
Free vortices are dangerous for the superfluidity. But even in two-dimensional superfluid systems nucleation of vortices does not exclude perfect superfluidity. Below the BKT transition the vortices of opposite vorticities bind in pairs. Motion of such pairs, in difference with motion of single vortices, does not result in phase slips. The question is why it is not the case for quantum Hall bilayers.
In quantum Hall bilayers each elementary charge excitation produces two fractionally charged vortices that repulse due to Coulomb forces. There exists a critical charge excitation concentration above which a gas of unpaired vortices emerges. Due to renormalization of the superfluid stiffness the critical concentration can be rather small. If the condition ν T = 1 is fulfilled in average and local total filling factor deviates from unity, the excess electrons or holes induce vortex excitations that suppress the superfluidity. If one trusts in the explanation presented one could expect that concrete values of counterflow, parallel current and drag resistivities are not universal quantities and may vary from sample to sample.
The problem of negative longitudinal drag resistivity forces to put forward the idea on the existence of areas with completely destructed interlayer coherence. This idea looks quite reasonable taking into account that real geometry of arms should result in essential edge effects (the presence of edge areas with destructed interlayer coherence). The same effect can be caused by structure defects and impurities in GaAs heterostuctures.
Nevertheless, one can hope that genuine exciton superfluidity can be realized in bilayer quantum Hall systems. The only problem that special requirements on purity and perfectness of the samples should be fulfilled.
